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CHERN FORMS OF SINGULAR METRICS ON VECTOR BUNDLES
RICHARD LA¨RKA¨NG, HOSSEIN RAUFI, JEAN RUPPENTHAL, MARTIN SERA
Abstract. We study singular hermitian metrics on holomorphic vector bundles, following
Berndtsson-Pa˘un. Previous work by Raufi has shown that for such metrics, it is in general not
possible to define the curvature as a current with measure coefficients. In this paper we show
that despite this, under appropriate codimension restrictions on the singular set of the metric,
it is still possible to define Chern forms as closed currents of order 0 with locally finite mass,
which represent the Chern classes of the vector bundle.
1. Introduction
Let X be a complex manifold of dimension n, let E → X be a rank r holomorphic vector
bundle over X, and let h denote a hermitian metric on E. The classical differential geometric
study of X through (E, h), revolves heavily around the notion of the curvature associated with
h. This approach requires the metric to be smooth (i.e. twice differentiable). However, for line
bundles Demailly in [D4] introduced the notion of singular hermitian metrics, and in a series
of influential papers he and others showed how these are a fundamental tool for giving complex
algebraic geometry an analytic interpretation.
In [BP] Berndtsson and Pa˘un introduced the following notion of singular metrics for vector
bundles:
Definition 1.1. Let E → X be a holomorphic vector bundle over a complex manifold X. A
singular hermitian metric h on E is a measurable map from the base space X to the space of
hermitian forms on the fibers. The hermitian forms are allowed to take the value ∞ at some
points in the base (i.e. the norm function ‖ξ‖h is a measurable function with values in [0,∞]),
but for any fiber Ex the subset E0 := {ξ ∈ Ex ; ‖ξ‖h(x) <∞} has to be a linear subspace, and
the restriction of the metric to this subspace must be an ordinary hermitian form.
They also defined what it means for these types of metrics to be curved in the sense of
Griffiths:
Definition 1.2. Let E → X be a holomorphic vector bundle over a complex manifoldX and let
h be a singular hermitian metric. We say that h is Griffiths negative if ‖u‖2h is plurisubharmonic
for any (local) holomorphic section u. Furthermore, we say that h is Griffiths positive if the
dual metric h∗ is Griffiths negative.
Remark 1.3. (i) Strictly speaking, [BP] define h to be Griffiths negative if log ‖u‖h is plur-
isubharmonic for any holomorphic section u. It is, however, not too difficult to show that these
two definitions are equivalent (see e.g. [R], section 2).
(ii) Any singular hermitian metric on a vector bundle E induces a dual metric on the dual
bundle E∗ (see Lemma 3.1 below). This justifies the notion of Griffiths positivity in Definition
1.2 in terms of duality. 
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Definition 1.2 is very natural as these conditions are well-known equivalent properties for
smooth metrics.
Although Definition 1.1 is very liberal, as it basically puts no restriction on the metrics, it
turns out that Definition 1.2 rules out most of the pathological behaviour. For example, we
have the following proposition ([R], Proposition 1.3 (ii)):
Proposition 1.4. Let h be a singular, Griffiths negative, hermitian metric. If deth 6≡ 0, then
i∂∂¯ log deth is a closed, positive (1, 1)-current.
The proof uses the well-known fact that if h is a metric on E, then det h is a metric on
detE. For smooth metrics it is also well-known that the curvature of det h, i.e. −∂∂¯ log deth =
∂∂¯ log deth∗, is the trace of the curvature of h, i.e. 2πi times the first Chern form c1(E, h).
Thus, a simple consequence of Proposition 1.4 is that for a singular metric which is curved in
the sense of Definition 1.2, it is possible to define the first Chern form in a meaningful way as
a closed, positive or negative (1, 1)-current.
However, despite this, one of the main results in [R] (Theorem 1.5) is a counter-example that
shows that the curvature requirement of Definition 1.2 is not enough to define the curvature of
a singular metric as a current with measure coefficients. This rather surprising fact, given the
existence of the first Chern form, leads to the question of which differential geometric concepts
one can obtain from Definition 1.2.
The main purpose of this note is to show that under appropriate codimension restrictions on
the singular set, it is possible to define Chern forms, ck(E, h), k = 1, . . . ,min(r, n), associated
with a singular metric which is curved as in Definition 1.2. For metrics that are also continuous
outside of the singular set, we can prove the following theorem:
Theorem 1.5. Let E → X be a rank r holomorphic vector bundle over a complex manifold
X, and let h denote a singular, Griffiths positive or negative hermitian metric on E. Assume
that there is some subvariety V of X with codim(V ) ≥ k such that h is continuous and non-
degenerate outside of V .
Then, there exists a unique, closed (k, k)-current, ck(E, h), of order 0 with locally finite mass
in X such that for any local regularizing sequence {hε} of h, with hε → h locally uniformly
outside of V , we have that
(1.1) ck(E, hε)→ ck(E, h)
in the sense of currents.
More generally, let E1, . . . , Em be holomorphic vector bundles on X, and for i = 1, . . . ,m,
let hi be a singular Griffiths positive or negative hermitian metric on Ei, ki ∈ N ∪ {0}, and let
k := k1+ · · ·+ km. Assume that there exists a subvariety V of X such that codim(V ) ≥ k, and
such that h1, . . . , hm are continuous and non-degenerate outside of V .
Then, there exists a unique, closed (k, k)-current,
ck1(E1, h
1) ∧ · · · ∧ ckm(Em, h
m),
of order 0 with locally finite mass in X such that for any local regularizing sequences {hiε}, with
hiε → h
i locally uniformly outside of V for i = 1, . . . ,m, we have that
ck1(E1, h
1
ε) ∧ · · · ∧ ckm(Em, h
m
ε )→ ck1(E1, h
1) ∧ · · · ∧ ckm(Em, h
m)
in the sense of currents.
Remark 1.6. (i) Let L be a trivial line bundle with a possibly singular positive metric e−ϕ,
i.e. ϕ is a plurisubharmonic function. Let E be the trivial rank r bundle E = L ⊕ · · · ⊕ L.
Equip E with the metric h induced by e−ϕ, which is then a Griffiths positive singular hermitian
metric. If ϕ is smooth, then ck(E, h) = Ck(dd
cϕ)k for some constant Ck. For an arbitrary
plurisubharmonic function ϕ, one does not have a natural meaning of the product (ddcϕ)k,
without any condition like for example that the set where ϕ is unbounded is contained in an
analytic subset of codimension k. Thus, since h degenerates precisely where ϕ is −∞, this
3shows that the codimension requirements on the degeneracy set of h in Theorem 1.5 can not
be relaxed in general.
(ii) A singular metric h which is Griffiths positive can always be locally approximated by an
increasing sequence {hε} of (smooth) Griffiths positive metrics. This is the content of [BP],
Proposition 3.1 and [R], Proposition 6.2 (see Proposition 4.1 below), and the regularizing
sequence is obtained through convolution with an approximate identity. Thus, if the singular
metric is continuous outside its degeneracy set, these propositions yield that we can always
obtain a regularizing sequence which converges locally uniformly on this set.
(iii) To be precise, from the proof of Theorem 1.5 it follows that ck(E, h) can be written as
the difference of two positive, closed (k, k)-currents. It is natural to ask whether it is actually
positive. However, even when h is a smooth Griffiths positive metric on E, it is to the best
of our knowledge an open question whether ck(E, h) is a positive form in general, and only
known when k = 1, which follows from the fact that c1(E, h) equals the first Chern class of the
positive line bundle (detE,det h), and when k = 2 and dimX = 2, which is due to Griffiths,
[G] (Appendix to §5 (b)). If it is indeed the case that ck(E, h) is positive for all smooth Griffiths
positive metrics on E, then it would follow by weak convergence that if h is a singular Griffiths
positive metric on E, then ck(E, h) is a positive current.
Example 1.7. There are indeed non-trivial singular metrics on vector bundles satisfying the
conditions of Theorem 1.5. One such class can for example be found in [H]. Namely, let E
be a vector bundle on a complex manifold X. If E has global sections s1, . . . , sm, then these
sections induce a morphism s : E∗ → X×Cm, where X×Cm is a trivial rank m bundle, which
we equip with a trivial metric. Through the morphism s, we can define a singular hermitian
metric h∗ on E∗ by
〈ξ, η〉h∗ := 〈s(ξ), s(η)〉.
This is a singular Griffiths negative metric on E∗ since if ξ is a holomorphic section of E∗,
then s(ξ) is a holomorphic section of the trivial rank m bundle, and hence ‖ξ‖2h∗ = ‖s(ξ)‖
2
is plurisubharmonic. We thus obtain a singular Griffiths positive metric h = h∗∗ on E (cf.
Lemma 3.1). At the points where s1, . . . , sm span E, the metric h is smooth and non-degenerate,
and thus, if s1, . . . , sm span E on X \ V for some subvariety V of X with codim(V ) ≥ k, then
the conditions of Theorem 1.5 are satisfied to define the Chern current ck(E, h).
Using the Chern currents of Theorem 1.5 it is straightforward to define Chern characters
associated with our singular metrics. For a smooth metric h on a holomorphic vector bundle
E, the full Chern character can be defined as ch(E, h) = tr exp((i/2π)Θ(E, h)). The Chern
character has the advantage that the formula for the Chern character of a tensor product is
very simple, ch(E ⊗ F, h ⊗ g) = ch(E, h) ∧ ch(F, g). In general, the full Chern character can
be expressed as a polynomial in the Chern forms with integer coefficients. Since for singular
metrics we need to restrict the degree of the products of the Chern forms, we will consider the
part chk(E, h) of the Chern character of a fixed degree (k, k), which can thus be expressed as:
(1.2) chk(E, h) := tr
(
(iΘ)k
(2π)kk!
)
=
∑
K
bKck1(E, h) ∧ · · · ∧ ckm(E, h),
where bK are integers, and K = (k1, . . . , km) runs over all partitions of k, i.e. k1, . . . , km are
positive integers and k1 + · · ·+ km = k.
Definition 1.8. Let h be a singular, Griffiths positive or negative, hermitian metric on a
holomorphic vector bundle E → X. Assume that there exists a subvariety V of X with
codim(V ) ≥ k such that h is continuous and non-degenerate outside of V . Then the k:th
Chern character chk(E, h) is defined by (1.2), where the products of Chern forms in the sum
in the right-hand side of (1.2) have meaning by Theorem 1.5.
4 RICHARD LA¨RKA¨NG, HOSSEIN RAUFI, JEAN RUPPENTHAL, MARTIN SERA
The requirement in Theorem 1.5 that h should be continuous outside of its degenerate set
can be dropped for the existence and uniqueness (see Theorem 1.11 below), but then we will
no longer know that ck(E, hε) converges to ck(E, h). This property is important since an
immediate corollary is that basic (local) properties for smooth Chern forms also hold in the
singular setting:
Corollary 1.9. Let X be a complex manifold and let (E, h) → X and (F, g) → X be two
holomorphic vector bundles, where h and g both are singular, Griffiths positive or negative
hermitian metrics.
If there exists a subvariety V of X with codim(V ) ≥ k such that h is continuous and non-
degenerate outside of V , then:
(a) The Chern current ck(E
∗, h∗) (where h∗ denotes the dual metric on the dual bundle E∗)
can be defined as in Theorem 1.5, and
ck(E
∗, h∗) = (−1)kck(E, h).
(b) For a complex manifold Y and any holomorphic submersion f : Y → X, the Chern current
ck(f
∗E, f∗h) can be defined as in Theorem 1.5 and
ck(f
∗E, f∗h) = f∗ck(E, h).
(c) If there exists a subvariety V of X with codim(V ) ≥ k such that both h and g are continuous
and non-degenerate outside of V , then ck(E ⊕ F, h⊕ g) can be defined as in Theorem 1.5, and
ck(E ⊕ F, h⊕ g) =
k∑
j=0
cj(E, h) ∧ ck−j(F, g),
where the products in the sum are defined by Theorem 1.5.
(d) If there exists a subvariety V of X with codim(V ) ≥ k such that both h and g are continuous
and non-degenerate outside of V , then chk(E ⊗ F, h ⊗ g) can be defined as in Definition 1.8,
and
chk(E ⊗ F, h⊗ g) =
k∑
j=0
chj(E, h) ∧ chk−j(F, g),
where the products in the sum are defined by (1.2) and Theorem 1.5.
Remark 1.10. By arguing as in [PT], Lemma 2.3.2 (a), we get that for any complex manifold
Y , and any holomorphic mapping f : Y → X, the pullback f∗h of a singular, Griffiths positive
(negative), hermitian metric h, is also Griffiths positive (negative). In Corollary 1.9 (b), we
nevertheless need to restrict ourselves to submersions, since otherwise f∗ck(E, h), the pullback
of a current, is not well-defined. Also f being a submersion ensures that the codimension
requirements needed to define ck(f
∗E, f∗h) are fulfilled.
As already mentioned, the continuity requirements of Theorem 1.5 can be relaxed, at the
price of losing the weak convergence (1.1). Thus, for a singular hermitian metric h (under
appropriate codimension requirements on the degeneracy set), it is possible to define Chern
currents by only requiring the metric to be curved as in Definition 1.2.
This is achieved by expressing the Chern currents in terms of so called Segre currents. In
the smooth setting these are defined as the inverses of the Chern forms (see section 2 below)
and can be expressed recursively through,
(1.3) sk(E, h) + sk−1(E, h) ∧ c1(E, h) + . . .+ ck(E, h) = 0, k = 1, . . . , n.
Hence, any Chern form can be expressed as a sum of products of Segre forms
(1.4) ck(E, h) =
∑
K
aKsk1(E, h) ∧ · · · ∧ skm(E, h)
5where aK are integers, and where K = (k1, . . . , km) runs over all partitions of k, i.e. k1, . . . , km
are positive integers and k1 + · · ·+ km = k.
Now as already mentioned, a singular Griffiths positive metric h can always be locally ap-
proximated by an increasing sequence {hε} of Griffiths positive metrics (see Proposition 4.1).
The advantage of Segre forms over Chern forms in the singular setting is that we can show
that for products of Segre forms with different regularizations, under appropriate codimension
restrictions on the singular set of h, there exists subsequences such that the iterated limit
(1.5) lim
εmν →0
· · · lim
ε1ν→0
sk1(E, hε1ν ) ∧ · · · ∧ skm(E, hεmν )
exists in the sense of currents. This limit is furthermore independent of the regularizations,
and will thus yield a global current which we will denote by sk1(E, h) ∧ · · · ∧ skm(E, h). These
currents can then be used to define the Chern current ck(E, h) through (1.4). The precise
statement of the conditions under which this construction works is as follows.
Theorem 1.11. Let E → X be a holomorphic vector bundle over a complex manifold X, and
let h denote a singular, Griffiths positive, hermitian metric on E.
Assume that there is some subvariety V of X with codim(V ) ≥ k such that L(log deth∗) ⊆ V ,
where L(log deth∗) denotes the unbounded locus of log det h∗ (see Definition 3.3 and Remark 3.4
below).
Then the k:th Chern current of E associated with h, ck(E, h), can be defined through (1.4),
where the Segre products sk1(E, h)∧ · · · ∧ skm(E, h) are defined by the iterated limit (1.5). The
Chern current ck(E, h) will be a closed (k, k)-current of order 0 with locally finite mass in X.
If h is instead a singular, Griffiths negative, hermitian metric, then the same result holds if
L(log deth∗) is replaced by L(log deth) throughout the statement.
Although Theorem 1.5 is not formulated in terms of Segre forms, its proof also uses the
formula (1.4) for expressing Chern forms of a smooth regularization of the metric in terms of
Segre forms. The key difference between the proof of Theorem 1.5 and Theorem 1.11 is that
when h is continuous outside of the non-degeneracy set, then one can use the same regularization
in each of the Segre forms and can just take a single limit, while in the setting of Theorem 1.11,
one needs to have different regularizations of the metric in each of the Segre forms, and take
an iterated limit as in (1.5) to see that the limits exist.
Remark 1.12. If the conditions of Theorem 1.5 are fulfilled to define the current ck(E, h), then
the conditions of Theorem 1.11 are also fulfilled, and one would a priori obtain two different
currents ck(E, h). However, it follows from the respective proofs that these currents indeed
coincide.
Finally, in the smooth setting the most salient feature of Chern forms is of course that
they are closed forms whose cohomology classes (in the de Rham cohomology group of smooth
forms) are invariants of the vector bundle, i.e. independent of the metric. As these forms also
define cohomology classes in the de Rham cohomology group of currents, it is natural to ask
whether or not the cohomology classes of the Chern currents of Theorem 1.11 coincide with
the usual Chern classes.
Since this cohomology class invariance is a global property, the singular counterpart is not a
direct consequence of the weak convergence in either Theorem 1.5 or Theorem 1.11. Our next
result nevertheless shows that the Chern currents lie in the right cohomology classes when the
manifold is compact by using Demailly’s regularization in [D3].
Theorem 1.13. Let h be a singular hermitian metric on a holomorphic vector bundle E → X
satisfying the assumptions of Theorem 1.11 so that the Chern current ck(E, h) can be defined.
If X is compact, then
[ck(E, h)] = ck(E)
where ck(E) = [ck(E, h0)] is the usual Chern class defined by any smooth metric h0 on E.
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Remark 1.14. Chern classes of certain singular hermitian metrics have been studied earlier
by Mumford in [M2]: Let X be a Zariski open set of a projective variety X¯ such that X¯ \X
is a divisor with normal crossings, and let E¯ be a vector bundle on X¯. In [M2, § 1], Mumford
studies smooth hermitian metrics on E = E¯|X which satisfy certain growth conditions when
approaching X¯ \X. These metrics could then be considered as singular metrics on E¯. Mumford
then uses the classical Bott-Chern theory and the growth assumptions to show that trivial
extensions of the Chern forms on X to all of X¯ represent the Chern classes of E¯ (in all
degrees).
There is no apparent relation between the growth assumptions in [M2] and the positivity
assumptions that we consider. Our approach to defining Chern currents is different to the
one in [M2], where ours is based on using the positivity of the curvature to be able to use
pluripotential theoretical methods in the spirit of Bedford-Taylor-Demailly. This approach
might in particular produce currents with mass on the singular set of the metric, in contrast
to the case in [M2].
The paper is organized as follows. Section 2 contains a short introduction to Segre forms.
In section 3 we collect a few preliminary results that will be needed in the proofs of Theorem
1.5 and Theorem 1.11, and some basic facts from pluripotential theory. Section 4 is devoted
to the proofs of Theorem 1.5 and Theorem 1.11. Finally, in section 5 we end by showing that
on a compact manifold, the Chern currents of Theorem 1.11 are in the right cohomology class.
Acknowledgements
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2. Segre forms
Let E → X be a holomorphic vector bundle with a smooth metric h. By definition, the total
Segre form s(E, h) = 1 + s1(E, h) + · · ·+ sn(E, h) associated with (E, h) is the multiplicative
inverse of the total Chern form c(E, h) = 1+ c1(E, h) + · · ·+ cn(E, h). Hence, as mentioned in
the introduction, they can be expressed recursively through,
sk(E, h) + sk−1(E, h) ∧ c1(E, h) + · · ·+ ck(E, h) = 0, k = 1, . . . , n.
The first three Segre forms, for example, are
s1(E, h) = −c1(E, h),
s2(E, h) = c1(E, h)
2 − c2(E, h),
s3(E, h) = −c1(E, h)
3 + 2c1(E, h) ∧ c2(E, h) − c3(E, h),
and expressing the first three Chern forms in terms of these Segre forms yields,
c1(E, h) = −s1(E, h),
c2(E, h) = s1(E, h)
2 − s2(E, h),
c3(E, h) = −s1(E, h)
3 + 2s1(E, h) ∧ s2(E, h) − s3(E, h).
Our interest in the Segre forms stems from the fact that they turn out to be closely related
to the projectivized bundle, π : P(E)→ X, associated with E. Recall that this fiber bundle is
constructed by letting P(E)x := P(E
∗
x) for each x ∈ X (the projectivization of an r-dimensional
vector space, where E∗ denotes the dual bundle of E). The pullback bundle π∗E∗ → P(E) will
7then carry a tautological sub-bundle OP(E)(−1), where the notation is justified by the fact that
fiberwise this is nothing but O(−1) over Pr−1. The global holomorphic sections of OP(E)(1)
(the dual of OP(E)(−1)), over any fiber are in one-to-one correspondence with linear forms on
E∗x, i.e. with the elements of Ex (this is the reason for projectivizing E
∗ instead of E).
Now if h is a smooth metric on E, then OP(E)(1) can be equipped with a natural metric
which we will denote by e−ϕ. We let Φ denote the first Chern form of this metric, i.e.
Φ :=
i
2π
Θ
(
OP(E)(1), e
−ϕ
)
.
The following proposition is at the center of our interest in Segre forms:
Proposition 2.1. Let h be a smooth hermitian metric on a holomorphic vector bundle E → X.
Then
sk(E, h) = (−1)
kπ∗
(
Φk+r−1
)
.
To our knowledge this result first appears in [M] (see also [G2] and [D5]). We will use
Proposition 2.1 to define Segre forms in the singular setting. Before we turn to this we first
need to establish a few preliminary results and recall some facts from pluripotential theory.
3. Preliminaries
Throughout the paper, we are interested in singular hermitian metrics that are Griffiths positive
as in Definition 1.2. Since this condition is formulated in terms of the dual metric we first of all
need to check that this dual metric is also a singular hermitian metric in the sense of Definition
1.1. Already in [BP] (section 3) this is claimed in passing, but since no argument is presented,
for the sake of completeness, we include a proof here.
Lemma 3.1. Any singular hermitian metric h on a vector bundle E induces a canonical dual
singular hermitian metric h∗ on the dual bundle E∗ such that h∗∗ = h under the natural
isomorphism E∗∗ ∼= E.
Proof. As the statement is pointwise, it is enough to consider a fixed fiber Ex =: V . Recall
that by Definition 1.1 a singular hermitian form h on V is a map
V → [0,∞], ‖ξ‖h :=
{
‖ξ‖h0 if ξ ∈ V0
∞ otherwise
where V0 is the subspace of V where h is finite, and h0 is a hermitian form (with values in
[0,∞)) on V0.
We want to show that any singular hermitian form h on a vector space V given by the
subspace V0 and the hermitian form h0 on V0 induces a singular dual hermitian form on the
dual of V .
Let N denote the linear subspace of V0 where the hermitian form h0 degenerates, i. e., N is
the eigenspace of the eigenvalue 0. Then, V0/N admits a (canonical) hermitian form h˜0 induced
by h0 which is non-degenerate (given by ‖ξ +N‖h˜0 := ‖ξ‖h0). In particular, there exits a dual
hermitian form h˜0
∗
on (V0/N)
∗. We let W := V ∗ and W0 := N
o = {η ∈ W : η|N = 0} be the
annihilator of N . Each η0 := η|V0 with η ∈W0 can be seen as an element η˜0 of (V0/N)
∗ defined
by η˜0(ξ +N) := η0(ξ), Hence, we obtain the dual singular hermitian form
‖η‖h∗ :=

∥∥η˜|V0∥∥h˜0∗ if η ∈W0
∞ otherwise
on W = V ∗ associated to h.
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If we let M denote the linear subspace of W0 where h
∗ degenerates, then by definition of h∗,
one obtains that M = V o0 = {η ∈ W0 : η|V0 = 0} is the annihilator of V0. Thus, it follows that
W0/M ∼= (V0/N)
∗. If we let U := W ∗ ∼= V and do the above construction for (W,h∗), then
one obtains, using the isomorphism U ∼= V ∗∗, that
U0 =M
o ∼= {v : η(v) = 0 for all η ∈W0 such that η|V0 = 0} = V0.
Finally if P is the null space of the induced metric h∗∗, then
P =W o0
∼= {v ∈ V0 : η(v) = 0 for all η ∈W0 such that η|N = 0} = N,
and one readily verifies that the metric h∗∗ on U0 ∼= V0 equals h. 
In the previous section we mentioned the close connection between Segre forms and the Serre
line bundle OP(E)(1) over the projective bundle P(E) (Proposition 2.1), and how we will use
this connection to define Segre currents in the singular setting. For a smooth metric h it is well-
known that if h is Griffiths positive, then the induced metric e−ϕ on OP(E)(1) will be positive
as well (see e.g. [Z], Example 7.10). Before we can apply techniques from pluripotential theory
to define the push-forward in Proposition 2.1 for singular metrics, we need to check that e−ϕ
is positive in the singular setting as well.
Lemma 3.2. Let E be a vector bundle, and let h denote a singular, Griffiths positive, hermitian
metric on E. Let e−ϕ be the induced metric on the line bundle OP(E)(1). Then e
−ϕ is a singular
positive metric.
Proof. The Griffiths positivity of h implies (by definition) that the dual metric h∗ is Griffiths
negative on E∗. By arguing as in [PT], Lemma 2.3.2 (a) the pullback metric π∗h∗ on π∗E∗
will also be Griffiths negative, and since negativity is preserved when restricting to subbundles,
this in turn implies that the induced metric on OP(E)(−1) is negative as well. Thus, the metric
e−ϕ on OP(E)(1) is positive. 
The standard way of defining powers of currents of the form ddcu, where u is a plurisubhar-
monic function, is through the inductive approach of Bedford-Taylor [BT] (here dc = i4π (∂¯−∂)).
However, in our case there are some extra twists. First off, for the classic theorem of Bedford-
Taylor one needs the plurisubharmonic functions to be locally bounded, which is not the case for
us. Fortunately, it turns out that this assumption can be replaced by requiring the unbounded
locus to be of appropriate codimension. Let us quickly recall this important concept.
Definition 3.3. Let u be a plurisubharmonic function on a complex manifold X. The un-
bounded locus of u, L(u), is defined to be the set of points x ∈ X such that u is unbounded in
every neighborhood of x.
Note that if h = e−ϕ is a singular positive hermitian metric on a line bundle, then in a local
frame, a local representative of ϕ is plurisubharmonic, so L(ϕ) is defined locally with respect
to this frame. However, since two different local representatives of ϕ as defined with respect to
two different frames will differ by a locally bounded (harmonic) function, L(ϕ) is well-defined,
independent of the local frame.
Remark 3.4. Although L(u) is always closed and contains the closure of the pole set of u,
these two set are different in general. In [D2], Chapter III.4, the function
u(z) =
∑ 1
k2
log
(∣∣z − 1
k
|+ e−k
3
)
is provided as an example of a function which is everywhere finite in C, but with L(u) = {0}. 
The requirements we impose in the main theorems are inspired by Demailly’s variant of the
Bedford-Taylor theorem that makes it possible to define powers of currents ddcu, where u is a
not necessarily locally bounded plurisubharmonic function.
9Theorem 3.5. Let u be a plurisubharmonic function, and let T denote a positive (q, q)-current.
If L(u) ∩ suppT is contained in some variety V with codim(V ) ≥ k + q, then there exists a
well-defined closed positive (k + q, k + q)-current (ddcu)k ∧ T , which can be defined locally as
the limit of
(ddcuν)
k ∧ T
for any sequence {uν} of smooth plurisubharmonic functions decreasing pointwise to u.
We refer to [D2], Chapter III, Theorem 4.5 and Proposition 4.9, or [D], Proposition 2.2.3 for
a proof of (more general variants of) this theorem.
Remark 3.6. Looking at Proposition 2.1 with Φ = ddcϕ for some plurisubharmonic function
ϕ, at first glance it might seem tempting to use Theorem 3.5 to define (ddcϕ)k+r−1. For such
a direct application of the theorem, however, we would need to assume that L(ϕ) is contained
in some subvariety W with
codim(W ) ≥ k + r − 1,
a requirement which is much too strong to be of any practical use, and which in view of
Lemma 3.7 does not follow from the codimension requirements in Theorem 1.5 or Theorem 1.11.
Instead, we will aim at defining the push-forward directly. Thus, the main part of the proofs of
these theorems will basically be an adjustment of the proof of Theorem 3.5 for the push-forward.
Lemma 3.7. Let E be a holomorphic vector bundle with a singular Griffiths positive metric
h, and let e−ϕ denote the singular positive metric on OP(E)(1) as in Lemma 3.2. Then,
(3.1) L(ϕ) ⊆ π−1(L(log det h∗))
where h∗ denotes the induced dual metric on the dual bundle E∗.
Proof. We take x ∈ L(log deth∗)c so that log det h∗ is bounded in a neighborhood Ux of x. We
are going to show that the eigenvalues λ1, . . . , λr of h
∗ are uniformly bounded from above and
below in Ux, by strictly positive constants. This will show that π
−1(x) ∈ L(ϕ)c since if e is a
local frame for OP(E)(−1), then ϕ = log ‖e‖
2
π∗h∗.
If h∗ is expressed as a matrix with respect to a holomorphic frame u1, . . . , ur for E
∗, then
tr(h∗) = ‖u1‖
2
h∗ + · · ·+ ‖ur‖
2
h∗ .
By the Griffiths negativity of h∗, all the norms are plurisubharmonic, and so in particular (after
possibly shrinking Ux) bounded from above on Ux. Let M > 0 be such that λ1, . . . , λr ≤ M
on Ux.
On the other hand, x ∈ L(log deth∗)c implies that deth∗ > C on Ux, for some C > 0. Thus,
the smallest eigenvalue λk of h
∗ is uniformly bounded from below on Ux by
λk >
C
λ1 · · · λˆk · · ·λr
≥
C
M r−1
> 0.

As mentioned above, the proofs of our main theorems will be an adaption of the proof of
Theorem 3.5. The basic idea behind this proof is to reduce to the locally bounded situation,
where one can apply the original Bedford-Taylor result. We will use the same basic approach
in our proofs, but once the reduction has been carried out we will be in the setting of singular
metrics on line bundles, and so we will need the following variant of the Bedford-Taylor theorem.
Theorem 3.8. Let e−ϕ be a non-degenerate singular positive metric on a line bundle L, let
e−ϕν be a sequence of smooth positive metrics on L, and let e−ψ be a fixed smooth metric on
L. Let furthermore {Tν} be a sequence of closed positive currents converging to a current T .
Assume that either:
(i) ϕν converges locally uniformly to ϕ, or
(ii) ϕν decreases pointwise to ϕ and Tν = T .
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Then, the limits of
(ϕν − ψ)(dd
cϕν)
k ∧ Tν and (dd
cϕν)
k ∧ Tν ,
as ν → ∞ exist in the sense of currents. These limits are independent of the sequences {ϕν}
and {Tν}, and can thus be used as definitions of the (k+ q, k+ q)-currents (ϕ−ψ)(dd
cϕ)k ∧ T
and (ddcϕ)k ∧ T .
A proof of this in the case when L is a trivial line bundle and ψ = 0 can be found in for
example [D2], Chapter III, in Corollary 3.6 under the assumption (i), and in Theorem 3.7 under
the assumption (ii). The case of singular metrics on line bundles then follows directly from
this case since in a local frame, ϕν − ψ and ϕ − ψ are the sum of a plurisubharmonic and a
smooth function, whose sum is independent of the local trivialization, and in addition ddcϕν
is independent of the local trivialization.
4. Segre Currents
As mentioned previously, the existence of Chern currents will be achieved by expressing them
in terms of Segre currents, as we do for forms in section 2. Hence, we will first need to prove the
existence of such Segre currents and furthermore that it is possible to define the wedge products
of these. A key result for achieving this is the fact that Definition 1.2 provides us with a notion
of positivity that is easy to approximate, see [BP], Proposition 3.1 and [R], Proposition 6.2.
Proposition 4.1. Let E be a trivial holomorphic vector bundle over a polydisc, and let h be
a singular Griffiths positive (negative) hermitian metric on E. Then on any smaller polydisc,
there exists a sequence of smooth hermitian metrics {hε} with positive (negative) Griffiths
curvature, increasing (decreasing) to h pointwise.
The key ingredient in proving the local existence of Segre currents, and their wedge products,
is Lemma 4.3 below. Before we get to this result however, we first need to introduce the
following concept:
Definition 4.2. We say that a smooth (p, p)-form β is a bump form at a point x if it is strongly
positive, and such that for some (or equivalently for any) Ka¨hler form ω defined near x, there
exists a constant C > 0 such that Cωp ≤ β as strongly positive forms in a neighborhood of x.
We will also use in the proof of the following lemma, as well as later on, the basic formula
that if π : X → Y is a proper submersion, and if γ is either a smooth form or a current on Y ,
and η is a smooth form on X, then
(4.1) γ ∧ π∗η = π∗(π
∗γ ∧ η).
Lemma 4.3. Let E be a trivial, rank r vector bundle over a polydisc P ⊂ Cn, let h denote a
singular Griffiths positive hermitian metric on E, and let {hε} be a family of smooth hermitian
metrics on E. Let furthermore {Tε} be a sequence of closed positive (q, q)-currents converging
to a current T . Assume that L(log det h∗) is contained in some subvariety V of P such that
codim(V ) ≥ k + q. Assume also that either:
(i) Outside of V , h is non-degenerate and continuous and hε → h locally uniformly, and on all
of P , Tε → T , or
(ii) On all of P , hε increases pointwise to h and Tε = T .
Then, for any point in P , there exists an (n− k− q, n− k− q) bump form β with arbitrarily
small support such that the limit of
(4.2) (−1)k
∫
Tε ∧ sk(E, hε) ∧ β
as ε tends to 0 exists, and is independent of the sequences {hε} and {Tε}.
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Proof. The idea is to express the Segre forms sk(E, hε) as in Proposition 2.1, and then use a
similar procedure as the proof of Theorem 3.5.
First of all, by Lemma 3.2, the Griffiths positivity of h implies that the metric e−ϕ on
OP(E)(1) is positive. By (3.1), if W := π
−1(V ), then L(ϕ) ⊆W , and we note that since π is a
submersion, W has codimension ≥ k + q in P(E).
For a subset I ⊆ {1, . . . , n} consisting of n − k − q distinct elements I1 < · · · < In−k−q,
we define pI : C
n → Cn−k−q to be the projection onto the coordinates (zI1 , . . . , zIn−k−q ), and
similarly, we let pIc : C
n → Ck+q be the projection onto the remaining coordinates. After any
generic linear change of coordinates, for a subvariety V of codimension k + q with 0 ∈ V , the
projections pI and pIc satisfy that the origin is an isolated point of p
−1
I (0) in V , and there exist
small balls B′I ⊂ C
n−k−q and B′′I ⊂ C
k+q and 0 < δI < 1 such that
V ∩ p−1I (B¯
′
I) ∩ p
−1
Ic (B
′′
I \ (1− δI)B
′′
I ) = ∅.
Since this holds for a generic projection, we can in fact assume that it holds simultaneously for
all the projections pI and pIc for all subsets I ⊆ {1, . . . , n} consisting of n− k − q elements.
We take χI,1 and χI,2 to be positive cut-off functions with compact support on B
′
I and
B′′I respectively, and which are both strictly positive at 0, and such that χI,2 is constant on
(1− δI)B
′′
I , and we let
β :=
∑
I
(p∗IχI,1)(p
∗
IcχI,2)idzI1 ∧ dz¯I1 ∧ · · · ∧ idzIn−k−q ∧ dz¯In−k−q ,
where the sum is over all ordered subsets I = {I1, . . . , In−k−q | I1 < · · · < In−k−q} of {1, . . . , n}.
Then, β is a bump form at {0}, and if B′I and B
′′
I were chosen small enough above, then β
can be chosen to have arbitrarily small support. By linearity, it is enough to prove (4.2) for
each single term in the sum above, and without loss of generality, we can assume that the
term is when I = {1, . . . , n − k − q}. From now on, for convenience of notation, we write
χ1 = χI,1, χ2 = χI,2, B
′ = B′I and B
′′ = B′′I , δ = δI , and write the coordinates on C
n as
(z′, z′′) ∈ Cn−k−q × Ck+q. We will thus prove (4.2) for
(4.3) β = χ1(z
′)χ2(z
′′)β0, where β0 := idz1 ∧ dz¯1 ∧ · · · ∧ idzn−k−q ∧ dz¯n−k−q.
The approximating sequence {hε} yields an approximating sequence {e
−ϕε} on OP(E)(1),
such that either ϕε converges locally uniformly to ϕ outside of W or decreases pointwise to ϕ,
depending on whether we are under assumption (i) or (ii). As these metrics are smooth, we
can apply Proposition 2.1, and combining this with (4.1), we deduce that
(−1)k
∫
P
Tε∧sk(E, hε)∧β =
∫
P
Tε∧π∗
(
(ddcϕε)
k+r−1
)
∧β =
∫
P×Pr−1
π∗Tε∧(dd
cϕε)
k+r−1∧π∗β,
where π∗Tε exists as a closed positive (q, q)-current since π : P × P
r−1 → P is a proper
submersion.
The main point with introducing B′ and B′′ is that V is disjoint from the compact cylinder,
Kδ := B
′
×
(
B
′′
\ (1− δ)B′′
)
and thus, ϕ is locally bounded on π−1(Kδ). By performing integration by parts, we want to
move to an integral on π−1(Kδ), which then basically reduces the problem to the well-known
locally bounded setting.
Since we are dealing with metrics (not functions), we cannot directly perform integration by
parts, but we first need to add and subtract a smooth reference metric, say (ddcϕ1)
k+r−1 with
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ε = 1 fixed,∫
P×Pr−1
π∗Tε ∧ (dd
cϕε)
k+r−1 ∧ π∗β =
∫
P×Pr−1
π∗Tε ∧ (dd
cϕ1)
k+r−1 ∧ π∗β+
+
∫
P×Pr−1
π∗Tε ∧ dd
c(ϕε − ϕ1) ∧
( k+r−2∑
j=0
(ddcϕε)
k+r−2−j ∧ (ddcϕ1)
j
)
∧ π∗β =: I + II.
The integral I converges as ε → 0 since Tε → T . Since χ1 only depends on z
′, while π∗β is
already of full degree in the z′-variables, we obtain that dχ1 ∧ β0 = 0 and d
cχ1 ∧ β0 = 0. Using
this in combination with that π∗Tε is d and d
c-closed, we can formally perform integration by
parts in II, and obtain that it equals
II =
∫
P×Pr−1
π∗Tε ∧ (ϕε − ϕ1)
( k+r−2∑
j=0
(ddcϕε)
k+r−2−j ∧ (ddcϕ1)
j
)
∧ π∗χ1π
∗ddcχ2 ∧ π
∗β0.
Since ϕ is locally bounded on π−1(Kδ), and suppdd
cχ2 ⊂ B
′′
\ (1 − δ)B′′, we get by The-
orem 3.8 that the limit of II when ε tends to 0 exists, and is independent of the choice of
regularizing sequences {ϕε} and {Tε}. 
From the proof, it follows that where h is non-degenerate, one can form the product of a
closed positive current and a Segre current. More precisely:
Lemma 4.4. Let E, h, {hε}, T and {Tε} be as in Lemma 4.3. If we are under either the
assumptions (i) or (ii) of this lemma, then outside of L(log det h∗), the limit of
Tε ∧ sk(E, hε)
as ε tends to 0 exists in the sense of currents, and the limit is independent of the sequences
{hε} and {Tε}.
Proof. If we fix ε, then hε is smooth, and we denote by e
−ϕε the induced metric on OP(E)(1).
Since ϕε is smooth, we get by Proposition 2.1 together with (4.1) that
(4.4) Tε ∧ sk(E, hε) = (−1)
kπ∗(π
∗Tε ∧ (dd
cϕε)
k+r−1).
By Theorem 3.8, (4.4) has a limit as ε tends to 0, and the limit is independent of the sequences
{ϕε} and {Tε}. 
As mentioned above, the local existence of Segre currents will follow from Lemma 4.3. For
the transition from local to global, we will use the following lemma.
Lemma 4.5. Let S and T be two closed, positive (k, k)-currents such that S = T outside a
subvariety A with codim(A) ≥ k, and assume that for each point of p ∈ A, there exists an
(n− k, n − k) bump form β at p with arbitrarily small support such that∫
S ∧ β =
∫
T ∧ β.
Then S = T everywhere.
Proof. The difference U := S − T is a closed (k, k)-current of order 0 with support on A. By
[D2], Chapter III, Corollary 2.14, U =
∑
λi[Ai], where Ai are the irreducible components of
codimension k of A, and λi ∈ C. We want to show that λi = 0 for all i.
Fix some i, take a point in Ai which does not belong to any of the other Aj ’s, and take
a (n − k, n − k) bump form β whose support still does not intersect any of the other Aj ’s.
Multiplying S − T with β and integrating, we get that
λi
∫
Ai
β =
∫
(S − T ) ∧ β = 0.
The integral on the left-hand side is non-zero, so λi = 0. 
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With these lemmas at our disposal, we can now define Segre currents and their wedge
products.
Proposition 4.6. Let E → X be a rank r holomorphic vector bundle over an n-dimensional
complex manifold X, and let h denote a singular Griffiths positive hermitian metric on E. Take
k1, . . . , km ∈ N and let k := k1 + · · · + km. If L(log det h
∗) is contained in some subvariety V
of X with codim(V ) ≥ k, then the wedge product
(−1)ksk1(E, h) ∧ · · · ∧ skm(E, h)
can be defined as a closed, positive current on X, through regularization by an iterated limit as
in (1.5).
Proof. The proof is by induction over m, starting with the trivial case m = 0, when the current
is simply 1. We thus assume by induction that T := (−1)k−kmsk1(E, h) ∧ · · · ∧ skm−1(E, h)
exists as a well-defined positive closed current, and we start by proving existence locally, which
we will achieve with the help of Lemma 4.3. Hence, assume that E is a trivial vector bundle
over a polydisc, let {hε} denote an approximating sequence to h (as in Proposition 4.1), and let
{sεkm} denote the corresponding sequence of Segre forms. Since (−1)
kmskm(E, hε) is a smooth
and strongly positive (km, km)-form, the product Sε := (−1)
kmT ∧ sεkm is a closed positive
current, and its mass is dominated by its trace measure,
‖Sε‖ ≤
∫
Sε ∧ (i∂∂¯|z|
2)n−k.
By Lemma 4.3, this integral is uniformly bounded in ε on a small enough neighborhood of 0 since
(i∂∂¯|z|2)n−k is dominated by a constant times any bump form at {0} in such a neighborhood.
Hence, it follows from the Banach-Alaoglu theorem that we can find a sequence εj → 0 such
that Sεj converges weakly to a closed, positive (k, k)-current S. From combining Lemma 4.4
and Lemma 4.3 (under the assumption (ii)) with Lemma 4.5, we obtain that the limit S is
unique and only depends on T and h.
We then in fact obtain that the full sequence {Sε} converges to S as ε→ 0, since otherwise,
we could find a sequence {Sεj} with εj → 0, and a test-form φ such that the limit of
∫
Sεj ∧ φ
exists, but is not equal to
∫
S ∧φ. After passing to a subsequence, we could assume that {Sεj}
is indeed convergent, and obtain a contradiction to the uniqueness of the limiting current S.
We take the limiting current S as the (local) definition of (−1)ksk1(E, h) ∧ · · · ∧ skm(E, h),
and since it is independent of the regularizing sequence, this locally defined product of Segre
currents in fact defines a global current on X. 
Remark 4.7. Since we will need a bit more general result in the next section, we note that
the proof of Proposition 4.6 actually gives the following statement:
Let T be a closed positive (q, q)-current, let {θε} be a sequence of closed smooth (k, k)-forms,
and let V be a variety of codimension at least k + q. Moreover, we assume that the following
three conditions are satisfied:
(i) T ∧ θε are positive (which is the case for instance when θε are strongly positive).
(ii) For any point in X, there exists a bump form β such that
∫
T ∧ θε ∧ β converges.
(iii) Outside of V , T ∧ θε converges to a (closed positive) current S˜.
Then, the limit S := limε→0 T ∧ θε exists and is a closed positive current with S|X\V = S˜.
Furthermore, S is uniquely determined by S˜ in (iii) and the limits of
∫
T ∧ θε ∧ β in (ii).
Theorem 1.11 is an immediate consequence of Proposition 4.6 as outlined in the introduction.
It is however not enough for Theorem 1.5. For this latter theorem we need the following lemma,
whose proof is similar to the proof of Proposition 4.6.
Lemma 4.8. Let E → X be a rank r holomorphic vector bundle over an n-dimensional complex
manifold X, and let h denote a singular Griffiths positive hermitian metric on E. Let also
{Tε} be a family of closed positive (q, q)-currents on X converging to a current T . Assume
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that L(log deth∗) is contained in some subvariety V of X with codim(V ) ≥ k+ q. If {hε} is a
family of smooth hermitian metrics on E converging locally uniformly to h outside of V , then
there exist closed positive (k + q, k + q) currents S+ε and S
−
ε such that
Tε ∧ ck(E, hε) = S
+
ε − S
−
ε ,
and the limits of both S+ε and S
−
ε as ε tends to 0 exist in the sense of currents, and the limits
are independent of the sequences {hε} and {Tε}.
Proof. By (1.4), we get that Tε ∧ ck(E, hε) can be written as a finite sum of terms
(4.5) (−1)kaKTε ∧ sk1(E, hε) ∧ · · · ∧ skm(E, hε),
where K = (k1, . . . , km) ∈ N
m and k1 + · · · + km = k, and aK is an integer. We let S
+
ε be the
sum of all terms (4.5) with aK positive, and S
−
ε the sum of the remaining terms. In order to
prove that S+ε and S
−
ε have limits, which are independent of the sequences, it is thus enough to
prove this for each term (4.5). The proof of this is by induction over m, and is essentially the
same as the proof of local existence and uniqueness in the proof of Proposition 4.6, only that
the basic case m = 0 here becomes the fact that Tε tends to T , and when applying Lemma 4.3
and Lemma 4.4, assumption (i) is used instead of assumption (ii). 
Proof of Theorem 1.5. We want to prove that the limit of
(4.6) ck1(E1, h
1
ε) ∧ · · · ∧ ckm(Em, h
m
ε )
as ε tends to 0 exists, and is independent of the regularizations h1ε, . . . , h
m
ε .
In order to prove this, we will show by induction over m that
(4.7) ck1(E1, h
1
ε) ∧ · · · ∧ ckm(Em, h
m
ε ) = S
+
m,ε − S
−
m,ε,
where S+m,ε and S
−
m,ε are smooth closed positive forms, which have limits as currents as ε tends
to 0, independent of the regularizing sequences of the metrics on E1, . . . , Em. The basic case
m = 0 is trivial when we let S+0,ε = 1 and S
−
0,ε = 0. Thus by induction, we assume that
such S+m−1,ε and S
−
m−1,ε exist. Applying Lemma 4.8 with Tε either S
+
m−1,ε or S
−
m−1,ε, and the
Chern form ckm(Em, h
m
ε ), we get in total four terms, two of which together define S
+
m,ε and
two which define S−m,ε, and by Lemma 4.8, these terms have limits as ε tends to 0, and which
are independent of the regularizing sequences. 
5. Cohomology Check
Locally, a positive singular hermitian metric h on a vector bundle can be approximated by
positive smooth metrics (see Lemma 4.1). On the projectivization of the vector bundle, this
induces an approximation of the positive singular hermitian metric e−ϕ induced by h with
smooth positive metrics e−ϕε over preimages of small enough open sets. However, to prove the
cohomology result (Theorem 1.13), we need a global approximation of e−ϕ. In general, we do
not have a global smooth approximation with positive metrics. Instead, we have the following
global regularization with smooth uniformly quasi-positive metrics (i.e. bounded from below
by something negative but smooth) by Demailly:
Theorem 5.1 (Main Theorem 1.1 in [D3]). Let M be a compact hermitian manifold, and let
e−ϕ be a singular positive metric on a line bundle L over M . Then, there exist a sequence of
smooth metrics {e−ϕ˜ε} increasing to e−ϕ and a smooth positive real (1, 1)-form u such that
ddcϕ˜ε + u ≥ 0.
Actually, Demailly proves a much more general result but the version above is sufficient
for our purpose. For the reader’s convenience, let us show how the statement from above is
deduced from Demailly’s theorem.
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Proof. Let us use the same notation as in [D3]: We set T := ddcϕ which is positive by as-
sumption. For a smooth metric e−ϕ0 on L, the smooth real (1, 1)-form α := ddcϕ0 is in the
same ddc-class as T . Furthermore, T = α + ddcψ for the quasi-plurisubharmonic function
ψ := ϕ − ϕ0. Let g be a smooth hermitian metric on the tangent bundle TM , and let e
−σ
denote the associated metric on OP(TM)(1) over the projectivization of TM . Although g does
not need to be positive, we know that σ is positive with respect to tangent vectors along fibres
of π : P(TM)→M . In fact, if Θ := Θ(TM, g) denotes the curvature matrix of g, then
ddcσ(p, [v]) = − i
2π·‖v‖2g
〈Θv, v〉g + ωFS,[g(p)]
for (p, [v]) ∈ P(TM) (see for instance [G2, Section 2]). Let {Uj} be an open Stein covering of
M such that TM is trivial on Uj, and let χj be cut-off functions on X with support in Uj such
that χj = 1 on slightly smaller open sets U˜j ⊂ Uj. We may assume that {U˜j} still covers M .
On Uj , there exist strictly plurisubharmonic functions aj such that
i
π
〈Θv, v〉g + dd
caj ≥ 0 for
all v ∈ TM with ‖v‖g = 1. For u :=
∑
j χjdd
caj, we get
ddcσ + u ≥ − i
2π·‖v‖2g
〈Θv, v〉g + ωFS,[g(p)] + dd
cπ∗aℓ ≥ 0
on U˜ℓ for every ℓ. Furthermore, we may assume that u ≥ ω where ω denotes the hermitian
form associated to g. We conclude that all the assumptions of Main Theorem 1.1 in [D3] are
satisfied. That means that for c > maxx∈M ν(T, x), there exist smooth quasi-plurisubharmonic
functions ψε := ψc,ε decreasing to ψ such that
Tε := α+ dd
cψε ≥ −cu− ω.
Replacing u by (c + 1)u, we obtain that Tε ≥ −u. In particular, the smooth quasi-positive
metrics ϕ˜ε := ϕ0+ψε on L satisfy the claimed: dd
cϕ˜ε = α+dd
cψε = Tε ≥ −u and ϕ˜ε decreases
pointwise to ϕ0 + ψ = ϕ. 
We would like to use Demailly’s regularization although the approximating sequence {ϕ˜ε} is
only quasi-positive. For this, we need to consider slightly more general results than in section 4
which are given by the following two propositions. First, we consider a variation of Proposition
4.6:
Proposition 5.2. Let E → P be a trivial holomorphic vector bundle of rank r over a polydisc
P ⊂ Cn, and let e−ψ denote a singular positive metric on a holomorphic line bundle L over
P(E). Let α be a closed positive (1, 1)-form on P(E), and let T be a closed positive (q, q)-current
on P . If π(L(ψ)) is contained in some subvariety V ⊂ P with codim(V ) ≥ k + q, then for
every j = 0,..., k + r − 1, there is a well-defined closed positive current
(5.1) T ∧ π∗(α
j ∧ (ddcψ)k+r−1−j),
which is defined as the limit of
T ∧ π∗(α
j ∧ (ddcψε)
k+r−1−j),
as ε tends to 0, for any sequence {e−ψε} of smooth positive metrics on L increasing pointwise
to e−ψ.
Proof. Replacing the form sk(E, hε) by π∗(α
j ∧ (ddcϕε)
k+r−1−j), we see that the analogous
statements of Lemma 4.3 and Lemma 4.4 (under the assumptions (ii)) hold true. Since αj ∧
(ddcψε)
k+r−1−j are strongly positive, we get that
T ∧ π∗(α
j ∧ (ddcψε)
k+r−1−j) = π∗
(
π∗T ∧ αj ∧ (ddcψε)
k+r−1−j
)
are positive currents for all ε > 0. Hence, the result follows from the statement in Remark 4.7
since the conditions (i–iii) in the remark are all satisfied. 
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Proposition 5.3. Let E → P be a trivial holomorphic vector bundle of rank r over a polydisc
P ⊂ Cn, and let e−ϕ denote a singular positive hermitian metric on OP(E)(1) induced by a
positive hermitian metric on E. Moreover, let α = ddca, where e−a is a smooth positive metric
on a holomorphic line bundle L over P(E), and let T be a closed positive (q, q)-current on P .
Assume that π(L(ϕ)) is contained in some subvariety V ⊂ P such that codim(V ) ≥ k + q. If
{e−ϕ˜ε} is a sequence of smooth metrics increasing pointwise to e−ϕ and ddcϕ˜ε + α ≥ 0, then
the limit of
T ∧ π∗((dd
cϕ˜ε)
k+r−1)
as ε tends to 0 exists and equals T ∧ π∗((dd
cϕ)k+r−1), as defined in (5.1).
Proof. Let ℓ := k + r − 1. Let {e−ϕε} be a sequence of smooth positive metrics on OP(E)(1)
increasing pointwise to e−ϕ, which exists since ϕ was induced by a positive metric on E, see
Lemma 4.1. Proposition 5.2 (for j = 0) then implies
(5.2) T ∧ π∗((dd
cϕ)ℓ) = lim
ε→0
T ∧ π∗((dd
cϕε)
ℓ).
The proposition claims that the same holds when ϕε is replaced by ϕ˜ε. To prove this, we
account for the lack of positivity of ϕ˜ε by twisting: We define ψ := ϕ + a, ψε := ϕ˜ε + a
which give singular respectively smooth positive metrics e−ψ and e−ψε on OP(E)(1) ⊗ L. By
assumption, ψε decreases pointwise to ψ. Thus, Proposition 5.2 gives
(5.3) T ∧ π∗(α
j ∧ (ddcψ)ℓ−j) = lim
ε→0
T ∧ π∗(α
j ∧ (ddcψε)
ℓ−j).
On the other hand, {ϕε + a} is another sequence of positive smooth metrics on OP(E)(1) ⊗ L
which decreases to ϕ+ a = ψ. By Proposition 5.2, we get again:
(5.4) T ∧ π∗(α
j ∧ (ddcψ)ℓ−j) = lim
ε→0
T ∧ π∗(α
j ∧ (ddc(ϕε + a))
ℓ−j).
Since
(ddcϕε)
ℓ = (ddc(ϕε + a)− α)
ℓ =
∑
j
(
ℓ
j
)
(−α)j ∧ (ddc(ϕε + a))
ℓ−j ,
we obtain:
T ∧ π∗((dd
cϕ)ℓ)
(5.2)
= lim
ε→0
T ∧ π∗((dd
cϕε)
ℓ)
=
∑
j
(
ℓ
j
)
lim
ε→0
T ∧ π∗
(
(−α)j ∧ (ddc(ϕε + a))
ℓ−j
)
(5.4)
=
∑
j
(
ℓ
j
)
T ∧ π∗
(
(−α)j ∧ (ddcψ)ℓ−j
)
(5.3)
=
∑
j
(
ℓ
j
)
lim
ε→0
T ∧ π∗
(
(−α)j ∧ (ddcψε)
ℓ−j
)
= lim
ε→0
T ∧ π∗((dd
cψε − α)
ℓ) = lim
ε→0
T ∧ π∗((dd
cϕ˜ε)
ℓ). 
Proof of Theorem 1.13. The metric e−ϕ on OP(E)(1), induced by the singular metric h on E,
is positive by Lemma 3.2. Therefore, we can apply Theorem 5.1 and obtain a smooth positive
(1, 1) form u and a smooth sequence of metrics {e−ϕ˜ε} increasing pointwise to e−ϕ on P(E)
such that ddcϕ˜ε + u ≥ 0 for all ε > 0. We set T
ε
k := (−1)
kπ∗((dd
cϕ˜ε)
k+r−1). For all small
enough open sets U of X, there is a closed positive (1, 1)-form α ≥ u on π−1(U) such that
α = ddca for a smooth positive metric a on OP(E|U )(µ), µ ∈ N. For instance, let a be a µ-fold
tensor power (with µ big enough) of a (strictly) positive metric on OP(E|U )(1) which is induced
by a smooth positive metric on E|U . By an iterated application of Proposition 5.3, we obtain
that
lim
εm→0
· · · lim
ε1→0
T ε1k1 ∧ · · · ∧ T
εm
km
= (−1)kπ∗(dd
cϕ)k1+r−1 ∧ · · · ∧ π∗(dd
cϕ)km+r−1
= sk1(E, h) ∧ · · · ∧ skm(E, h)
(5.5)
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for any positive integers k1, . . . , km with k1 + · · · + km = k. Note that even though we apply
Proposition 5.3 locally, (5.5) holds globally on X since all the currents are globally defined.
For an arbitrary smooth metric h0 on E, let e
−ϕ0 denote the induced metric on OP(E)(1).
The Chern classes being invariants of OP(E)(1) implies that
[ddcϕ˜ε] = [dd
cϕ0]
which yields
[(ddcϕ˜ε)
j+r−1] = [(ddcϕ0)
j+r−1]
for all integers j. Since the push-forward π∗ and exterior differentiation commute, this combined
with Proposition 2.1 gives
[T εj ] = [sj(E, h0)] = sj(E).
More generally, this exact same argument yields that
(5.6) [T ε1k1 ∧ · · · ∧ T
εm
km
] = [sk1(E, h0) ∧ · · · ∧ skm(E, h0)].
It remains to show that this implies that
[sk1(E, h) ∧ · · · ∧ skm(E, h)] = [sk1(E, h0) ∧ · · · ∧ skm(E, h0)].
This, however, is a straightforward consequence of (5.5), (5.6) and Poincare´ duality, which
yields that the exactness of sk1(E, h)∧· · ·∧skm(E, h)−sk1(E, h0)∧· · ·∧skm(E, h0) is equivalent
to showing that∫
X
(
sk1(E, h) ∧ · · · ∧ skm(E, h) − sk1(E, h0) ∧ · · · ∧ skm(E, h0)
)
∧ β = 0
for all smooth, closed 2(n − k)-forms β. 
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